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ABSTRACT. One special class of nonlinear operator equations depended from two real
numerical parameters in Hilbert spaces are considered. Non-local conditions of existence
and uniqueness of solutions are established. The conditions of admissibility of of solutions
of linearized equation for description of solutions of considered equation are established.

Let H be some Hilbert space with the scalar product (,) and zero element 6. Let linear
operator D maps H to some Banach space B. Let operator’s D domain of definition
is everywhere dense in H. Let % C H be a closure of Ker(D) in H at the norm of H.
Let operator D can be expanded to the closed operator D, which kernel is H. Operator
D* : B* — H is designated as G. Then exists some linear bounded closed operator

R:H = Hand Ker (R*) = Im(G). Operator R can be constructed not by the unique
method. In the simplest case operator R be a projector of H on .

THEOREM 1. H=H & Im (G).

Proof. Sets H and I'm (G) are closed by the it construction. So it are subspaces of H.
At first will be proven, that 7 and Im (G) are orthogonal. Let h be an arbitrary element

of H. Then Dh = 6 € B. From here follows, that for any g € B*:
0=g (f)h) = <h, ﬁ"g) = (h, Gg).

This means that H and Im (G) are orthogonal.
Let ¢ € H and g ¢ H. Then for any h € H exists element hg € H such that h = Rhpg.
Than '

0= <g’ h) s <gv RhR) = (R‘gs hR) .

Because h be an arbitrary element of # from here follow that R*g = 6. So g € Ker (R*) =
Im (G). Since H ="H ® Im (G). Theorem is proven.

From this theorem and properties of R follows, that on H operator R* has bounded
inverse (R*)™'. By means of R* a Hilbert structure in # can be constructed. A scalar
product in H can be defined by the next way: for every hy, h, € H

[h]_, hz] = (R*h]_, 'R,"‘hg) .

In this case all axioms of the scalar product are executed. Operator R may be not
unique. Let R, and R, are two different constructions of operator R. Then it fenerate
in H equivalent norms. Really, on subspace H operators R}, R; have bounded inverse
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(R, (R3)™'. Then

IR3by = (b, RiRih) = ()" R, RiRi (R3)" R3h) <
< ||(R5) ™ R3h|| || R Rs Ry R;

<3 IIM' R3)™ | IR3hlly = CF ||mh||H-
By the analogues with this estimmate can be proven estimate
IRzhIlE < CF IRl

From this estimates follows equivalence of the norms, generated by means of operators
Ry RS,

1. Multiplicative inequalities. Let H be a direct sum of some it subspaces H®Y),
H® which don’t coincide with H. Later on D; are restrictions of D on H® (i = 1,2).
Then for each H 3 h =h; + h, (h,: € H(")) elements h;, h, are connected by following
expression: Dih; = —Dj;h,. From this expression follows that elements h; ¢ H (¢ = 1,2)
can be expressed through the h; (i # j = 1,2) : h; = Dyh;, where D;; : H -HY)
are some linear operators. which coinside with the unit operators on H. Operators D;;
have non trivial kernels (if h; = 6, then h; € Ker(D;;)). Let P; are projectors of D;;H

on Ker(D;), Q; = I — P,. Then 5,-3- = @;D;; are bounded operators and
il = |(n:, Dihy)| = \(Df-hi. b )| < Iyl | Dighi |, < 2 b B
= Cy max ‘ b5 24

13=1,2

gl

where Cy be an embedding constant of H into H. From here follows inequality
Ihll < C Il 1Bl (1)

Let H D E,, 0 < a <1 be a scale of Banach spaces, and Ey, = H. Let, at last, a
Hilbert space H is contained in all E,. From the properties of the Banach spaces scale
follows multiplicative inequality

Ihillza < Ballbillgr *[Ibll%, «>0; ij=1,2. (24)

From (1) and (2a) for elements of H 3 h = h; + h,, h; € H® follows next analogues of
multiplicative inequality:

Iballz, < nallblig™ IRl ij=1,2, i#5 - (2b)

If = 0 index ,, in all formulas will be missed.

2. Operator equation. Existence of solutions. Let linear operators A,C,T
and bilinear operator B(-,-) map spaces E,, H into itself and B,C,T are completely
continuous-in the topologles of these spaces. Later on will be supposed that operators
A, B, C, T satisfy to next conditions: for any v,w € H

(w, Aw) > ma|lw|l3;
(w, B(v,w)) <0; (¥)
(w, Cw)y < Mc||lwllx|lwl||g., 0 <o <1/2
(w, Tw) > mr|lwlf.

Let consider operator equation :
- Aw= A [B(w,w) + Cw] = XTw + £ (A1, A2) (3)
where A; > 0, A2 > 1 are real numerical parameters, f (/\1,/\2) € H and

IE (A1, A2) i < Ca(A1) + Ca(A)V/ Az + Ca(Aa) Az,
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where Ci{Ay), ¢ = 1,2,3 are some bounded at 0 < A; < co functions. Later on dependence
from parameter A in different functions will be omitted. Non local in the sense of values of
parameters A;, A conditions of existence of the solution to equation (3) can be established
forany 0 <a<l

THEOREM 2. Lef operators A, B,C,T map the spaces E,, o > 0 and H into itself and
B, C,T are completely continuous in the topologies of thése spaces. Let for any elements
H 3 v,u = u; +u,, w; € H;, conditions (x) are realized. Let values of parameter
Az > Aao{Ay) where

Azp = {.wc.,(}. - ) ] {2,{3“ [ II)‘iMcﬁa 1+ oz)} (14a)/{1~a) +

/(1o 12 {4)
+1q [m; M Men. (3 + a)] e/t }}
Then equation {3) has at least one solution in H, for which a priori estimates
Wiz < 4mZHIf (Ar, A2) 1 < Cru + Cowv/ Rz + Cowa, (5)

”wlnﬁ S 4”3447??%1;2!2{ (Ah /\2) ”AM < sz/Az . C“/’\/.“ + 012

are valid.

Proof. Both parts of equation (3) are scalar multiplied in the space H on the element
w. Then, by virtue of conditions of theorem, next “energy” inequality is valid

mallwllg + meAgiiwilly < A Moliwlslwliz, + IIf (A, A2) [liw)a. (6)

In this inequality the product ||wljn|/wl|z, is estimated by means of multiplicative and
Jung’s inequalities:

Iwllxliwlle, = ([wille, + Iwallz,) [wllx <
< liwillz, Jiwlia + mallwally ™ 2wl <

< Ballw 3= W™ + nafiwe 32w $+72 <
< 3a |1+ @) e/ T wl, + (1 - o) 67wy | +
+1na [(3+ @) e S Iwls, + (1 - o) 5w i

This estimabe is substituted into the inequality (6):
{ma=nHe [2(1+0) Bael/ ™ 410 (5 + 0) /9] } wilh+
3 {mr = MATEE(L ~ @) [0 + e iwally < I O, 29) il

Values of £,,&3 in obtained inequality are chosen from the condition of the positiveness of
the multiplier at [|w]|?,. For example:

: M} He/2
£y = [ki (1 ‘*‘a)ﬂa';;i“]

Value of parameter Ag is chosen from the condition of positiveness of multiplier at [jw; |2
and the chosen above values of ¢;. Then from the last inequality and embeddmg 'ﬁ

into H follows estimates (5):
mal[wll3, + Agmelwlis < 4l (M1, A) i!liWNH,
fwllse < 4mZt [ ()l Mmaflwsffy < 16m32 0 (A, 22) 2.

For the completion of the proof of the theorem remains to notice that from the gem:rahzed
Leray~Schaud& pmmplef 1] and estimate (5) follows, that the equation has solutions in

o M- 3+a)/a
: £y = -[/\_1 3+ a) '?q;;“q'] .
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From the estimates (5) and multiplicative inequalities follow estimates to components
of solutions of the equation (3)

Iwallg, < Ballwalli*liwlig <
< Ba [Cm + CouvAz + Caw/\z] [Cn//\z + Ciz/vVA2 + 013] <
= MXS +p1(X2), o1 (M) € M)/ * e
[walls, < nallwill&2 w2 <

L i [Cisr Osadlds £-Csada] > [Osnfds F:Cinf/ Pt ] &
< M2 1 03 (M2), L2 (Ma)| € My2d3”2.

3. Uniqueness of solution. By means of estimates (5) some non local conditions
of uniqueness of solutions to equation (3) can be established. This conditions are valid
when ||f (A1, Az) ||y has not very high order of increasing by the parameter A,. During
the proof of the uniqueness it will be need to estimate from above the norm [|B(u,v)||
through the norms of u. v. The intrinsic supposition in this case will be the next

[(u, B(v,w))| < Mg ||vlly [[ullg, [Wllg, ()
with arbitrary 0 < p,v <1, p+v =1/2.
THEOREM 3. Let operators A, B,C,T map the spaces E,, a > 0 and H wnto itself and

B,C,T are completely continuous in the topologies of these spaces. Let for any elements
H > v, u=u; +u,, u; € H;, conditions (*), (*x) are satisfied and

If (A1, 22) [l < €1 + Cav/ s

Let values of parameter Ay > Ag1(A;) where

Ah > 2mT { Mg ||wol|g, . {ﬁﬂ 25 [My (M) + M (A1) @ (N2)]*° [3)*1-150 zs] !3+
F3IM, () + M; () @ ()™ [3.250 Mg ] ’3} 4 )
lta sta
+(1—a)Mc {ﬁa [2)‘1':‘:%(1'1'“)30;]1 z’?ﬂ [,\1 (3+a)r,r°,] }}

Then equation (3) has a unique solution in H.

Proof. Let w and wy - two different solutions of equation (3) and u = w — wo. Then
u satisfies to equation

Au = ) [B(wg,u) + B(u,wo) + B(u,u) + Cu] — A3Tu.
As well as in previous theorem from this equation follows next "energy” inequality
mallull3, + mrAgflulf < M M3 l[ulls lfullg, wolls, + AxMcilﬂIIﬂIIﬂllEa (8)

For the proof of the theorem it is need to estimate terms in- the right part of inequality
(8). For estimation of the first term it is need to establish estimates of |[ul|, [lul|z and
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|Woll g, - Product of norms is estimated by means of multiplicative and Jung’s inequalities:

lullz, lall, < (luslls, + luslls,) lall, <
< (Bullwallig s, + malbo |G all§ ) ally, =
= Bl g™ + mallll 52 w157 <
<18, [0+ W el huly + (0 - ) 70y ||;a] +
[l + (1= ) €30 3] =
= 1 [B (14w el + 13+ ) /O] Jull,
+1(1-p) [Buer0 ) + 16307 sl

The last term is estimated as well as in the theorem 1:

fulfllullz, < 3 [(1+ @) 2/l + (1 = o) 520 fuy 3] +
i[5+ @) S ull + (1 - ) 70wy <
<3 [Ba (14 /Y 4 I (3 4+ @) /)] Jrul+
+3 (1= ) [Bagz™ ) + Lnaes 07 Jrualff

The established estimates are substituted into the inequality (8):

mallalf + mr g s <
< WM |[wollg, { [Ba (1 +#) €/ + 13 + ) mued/ &) flully, +
+ (1= )[BT+ dnes VO i} +
+30Mo { [Ba (14 ) /0 + Lno (3+ @) e+ Jrulif+
(1= @) [Bags™ ™ + aeg 0] sy

After groping of terms of the same type next main inequality is obtained:

{m,, — 2\ { Mg ||wo| g, [/3,,(1 + p) ezl(1+u) + 2,?“ (3 +p) E4f(3+p)] +
—Mo |Ba (1+a) e + 3Ma (3 + ) 54!(34.“}] } llalif+
+{Mmr - 10y { Mo lIwoll, (1— 1) [Buer 0~ + 1e;¥0—4)] 4
+(1- @) Me [Baes™ ™ + 1aes 0] } iy < 0.

Values of numbers ¢; (: = 1,2,3,4) are chosen from the condition of non negativeness of
multiplier at ||ul|3. For example it can be next:

_3tp

D= hGrmndEiwl] T
_..-;_e’ 54:'[/\1(3+d)qamﬁ] i
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‘This values of ¢; are substituted to the multiplier at [ju;}l}. The uniqueness conditions
are established from the positiveness of this multiplier:

Pdp

2> 2 Malwal, (= { ol B 022,004 0]
| +3 llwoll £ [/\wﬁfm(3+#)]rtﬁ}+ 9

+(1-a) Mo {,@a |20, 2 (1+a}ﬁa]m e [Alfgf(am)na}m}}.

From the estimates (5) follow

Iwolig, < ﬁunwmuﬁmﬁw”% + Ny llwoy ng“’}ﬁliwu(wv}m

< B, [Crw + CowvAe] [Cri /20 + sz/mzw
+ [Cm + Czwx/)\_z](lw & [Cn//\z + Chz/ Az (s

< B [Cufha+ Coof V) [pSmcamdB | 4
+1 [Crw + CawvA2] [C11/ Az + Cra/ VA3 {cgi";fféa;fjh]
. [Cn/’/\z A sz/\/,\-g] [Ag%“—‘ﬂ%] {ﬁv + M {C’m + C2w\/X2-J} <

SMy NP My (e (), ()l € Myt

<

Let 4 = v = 1/4. Then substitution of this estimate info inequality (9) results to
completion of the proof.

4. Approximated solutions. The properties of operator T" make possible to construct
a simple linearization of the equation (3). Let A; = 0. Then equation (3) becomes to the
form

AW 4+ XTw = £ (A, As) . (11)

Solution of equation (11) will be named a Ag-appzommahon of the solutions of equation
(3). Equation {11) has a unique solution w®,

THEOREM 4. Let operators A, B,C,T map the spaces Eq, a > 0 and H into iiself and
B,C,T are completely continuous in the topologies of these spaces. Let for any elements
H> v,u = Uy 4+ up, 8 € H;, conditions (x), (xx) are satisfied and

It (A1, Az) HH <C+ Cz'\/_ :
Let values af pammeter Az > Age(A1), where |
30> 20 {22 L [0 ) 0 11 0 o 00" [aruap, 1+ )] 7 +
. Lop
o (36 00X 4 ) ()] [oruian ] T f -+
e (L - a) {ﬁa [ 00 %72 4 3, () 0 ()] 42820, (1 + ) 1] +

i [ 05+ 100 ()] [ s+ )] |

0<a<l, v<1/2.
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Then for norm of dw - a residual of the ezact and apprommated solutions of the equation
(3) neat estimates are valid

l6wlly < ;2 [MpMZ (M) + @2 (X))
6wl < (—*L)m (M5 M} (M) + 02 (M)
6wl < w‘z—l,z[Mst (M) + Maga ()]

loa (o)l < MASY2.

(12)

Proof. Let éw = w — w(® be a residual of the exact and approximated solutions of the
equation (3). Then dw satisfies to the equation

Adw = A, [B(éw + w@ sw + w(?) + Cow + Cw(?] — AITéw.
Main energetic inequality has the form
ma ||6w|)Z, + A2mp|dwi || < A (MB 16w llg, [|w]| 5, + Mc [[ow]| E) l|6w||,, +
+21 (Ma WO, [[wO|, 1wz, + Mo [|w|5_ lI6wll,)

Estimates of terms in the right part of this inequality are established in the previous
statements. Then the main inequality has the form

{m,a =k {g& [w| [ (3 4 ) 21050 10, (3 +p) 4!(3+p)} n
44 [, (1 4+ @) /) 4+ 2, (3 4+ ) e O] L) owl, +
+A2 {mr — AT {_2ﬂ(1 —u ||W{°)“s, [ﬁ,,e;‘*f“-*‘) n %nﬂe;ﬂ(l—u}] e (13)
+H2 (11— 0) [Baes™ ™) + 20aeg 0] ) owall <
< 0 [Ma [[wO|, [[wO|5, + Mo [w®|| ] 15wl

where

= [+ s WOl T e =[2G Wl ],
_lia
€3 = [4/\1 (14 a) ﬁa;f-] o g [2A1 3+a)qa%f

2
In the inequality (13) it is need to estimate “w(O)”E,. "w(o) and "w(o)“&'. From
estimates (5) follow

—3ta
] 4

l=.

M WO, WOl 5, + Mo [[w |5,
< Mg M, 00) 2™ + M (Al)so(Az)] [ () ,\"'”2 M3 (0) )e ()] +
Mo [M; (M) 57 4 M5 () 0 (Na)] < MaMZ () + 02 (%)

From this estimate and multiplicative inequalities follow estimates (12). Theorem is
proven.

The main results of this paper can be applicated to the theory boundary value problems
of magnetic hydrodynamics. '
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